Abstract-In this paper, we present equivalent circuit for immersed capacitive micromachined ultrasonic transducers (cMUT), based on an accurate parametric model. We also present an accurate approximation for the radiation impedance cMUT. We develop a design approach for immersed cMUTs using the equivalent circuit. We demonstrate that the equivalent circuit predicts the performance of a cMUT array element composed of many cells in parallel. We investigate the applicability of the equivalent circuit in designing cMUT array elements.
I. INTRODUCTION
uring the era, when capacitive micromachined ultrasonic transducers (cMUT) were first reported [1] , most of the effort was spent on the modeling [2] and the fabrication [3] . Modeling still remains as an important issue in order to have a better understanding and the optimization of the operation of cMUT [4] .
When operated in air, there is a good agreement between the Mason's equivalent circuit and the experimental results [3] . However, when immersed in fluid medium, modelling approaches fail in the explanation of the radiation impedance that cMUT experiences. In this work, using the results obtained in [5] , the designs of various cMUT array elements are presented. Practical considerations such as parasitic capacitances are included in all design examples.
In [6] , it is shown that the model depicted in Fig. 1 , which is derived from Mason's impedance equation [7] , represents the mechanical impedance of cMUT exactly up to the third parallel resonance when operated in vacuum. Although, the mechanical impedance of the membrane deviates from Mason's expression as it gets thicker, this affect is accurately taken into account in [6] . The model has one electrical port and two sets of symmetric acoustics ports corresponding to the two faces of the membrane. In vacuum, both surfaces are terminated by F=0. At the electrical side, C 0 and -C 0 represent the shunt input capacitance and the capacitance arising from the membrane motion. n is the turns ratio calculated using the procedure described in [8] . In this circuit, 
Here a and l t are the radius and the thickness of the membrane, respectively. ρ is the density, σ is the Poisson's ratio, Y 0 is the Young's modulus and T is the residual stress of the membrane material. 
where the coefficients, q i , of the polynomials for C k and L k are given in Table I . 
Here d 0 denotes the effective gap height of cMUT and γ is the ratio of the operating voltage to the collapse voltage, V col .
II. MODELLING OF CMUT IN WATER
cMUTs are immersed in a medium for operation. In this work, we assumed that the immersion fluid is water. However, the modeling is valid for other fluid media. In this case, the back surface will still be terminated by F=0, but the front surface is in contact with water. When the acoustic ports are terminated accordingly, the equivalent circuit in Fig. 1 reduces to the one in Fig. 2 [5] . This equivalent circuit models the membrane when loaded with water, up to the vicinity of first parallel resonance frequency.
The series path in the circuit denotes the piston motion of the membrane. In this sense, the membrane sees the radiation impedance of an equal sized circular piston, which is 
where ρ w and c w is the density of the water and the speed of sound in water. However, the distribution of the particle velocity on the membrane surface has a non-uniform profile and brings in an inductive loading denoted by L mWL . The inductive loading represents the mass of the water moved by the membrane apart from the piston motion. This mass is approximately equal to the mass of water in one half of the hemispherical volume above the membrane [5] ,
In order to construct an array element, many identical cMUTs are connected in parallel. We obtain in the equivalent circuit in Fig. 3 [5] , where M denotes the number of cMUT cells in an array element.
Since the circuits are connected in parallel, the capacitance values are multiplied with M, whereas the inductor and the impedance values are divided by M. C P accounts for the total parasitic capacitance due to the interconnections between cMUTs and the cable connecting the electronics. Here, we assume that the mutual loading between the cMUT cells is negligible and the moved water represented by L mWL remains local to each cell.
If the fill factor, f F is defined as the ratio of the total cMUT membrane area to the element area, then the effective radius of array element will be,
The radiation impedance per cMUT becomes, 
If we write down the resonance equation for the circuit in Fig. 3 at the series resonance frequency, ω s we obtain,
where X L (ω s ) and 1/(ω s C sT ) are the total inductive and the capacitive loads in the series path at the series resonance frequency.
If we rearrange the resonance equation (9) is the radiation impedance of piston, Zw(ω) = πa 2 ρwcw(R(ka) + jX(ka)). To design a cMUT array element at a specific resonance frequency, one can solve (10) to find a/l t , from which l t can be calculated for the desired a value.
In order to check the accuracy of the model, we compared the results obtained from the equivalent circuit with the experimental work given in [9] . The array element consists of 16 cMUTs (M=16) having silicon nitride membranes, we used the material properties given in [9] . For a single cMUT, a and l t are 16µm and 1.8µm, respectively. If we choose d 0 as 0.2µm and f F as 0.68, V col and n become 179V and 48.8µNt/V per cell, respectively. The operating voltage is assumed to be 90% of V col . Although parasitic capacitance due to cMUT interconnections is low, around 2pF, the cable parasitic is one order of magnitude higher [9] . We assumed total C p to be 30pF. The transfer function Re{(F c /V in )} for transmission and open circuit transfer function |V in /F c | for reception are depicted in Fig. 4 .
The center frequency is approximately at 16 MHz. The device has a two-way insertion loss of -40dB with a 6dB bandwidth of 13 MHz. It can be seen from Fig. 4 that there is a very good agreement between the equivalent circuit predictions and the experimental data [9] .
III. DESIGN EXAMPLES
It is possible to construct a cMUT array element, where the aperture size is chosen such that kr is larger than 2 in the bandwidth. Hence the radiation resistance remains constant, whereas the radiation reactance has a low value, which in turn results in a good transmission performance. Consider an 8x8 array (M=64) made of silicon nitride. The material properties, Y o , ρ and σ for silicon nitride are assumed to be 320GPa, 3270kg/m 3 and 0.263, respectively. We choose f F to be 0.5, which is a reasonable value for an array having such a high volume of cells. Let the effective radius of the array be 300µm, and hence a is 26.5µm. If the resonance frequency is chosen to be 1MHz, we obtain a/l t = 26 from (10), hence l t must be 1µm. d 0 is chosen to be 0.15µm. In this case, V col and n become 25.6V and 34.5µNt/V. C p is assumed to be 30pF. The transfer functions both for transmission and reception, and the insertion loss are given in Fig. 5 . The array element has an excellent transmit performance around 1 MHz as expected. If we consider the reception, we see that the bandwidth deteriorates due to the parallel capacitances, C 0 and C p . Array element has a two-way insertion loss of -19dB with a 6dB bandwidth of 0.71MHz.
In order to have a high f F , let's design a phased-array element containing single cMUT. The resonance frequency is chosen to be 10 MHz, making λ/2 to be 75µm. If we choose the radius a as 35µm, then l t becomes 4.5µm giving a/l t equal to 7.8 (Eq. 10) and f F 0.68. d 0 and C p is again chosen as 0.15µm and 30pF. V col and n are 135V and 310µNt/V, respectively. The transmission and reception transfer functions are shown in Fig. 6 . The device has a two-way insertion loss of -41dB around 10MHz with a 6dB bandwidth of 4.3MHz.
If we increase the number of elements in the array to 9, while keeping the aperture size and f F constant, a becomes 14.1µm and (10) advises that a/l t is 14.9 (l t =0.95µm) in order that cells resonate again at 10 MHz. The transfer functions for this design are also depicted in Fig. 6 . Compared to the single element case, the two-way 6dB insertion loss bandwidth is wider at 7.4MHz but with a higher loss level of -44dB.
IV. CONCLUSION
In this work, we described a method to estimate the radiation impedance of a cMUT, which is a series combination of an equal sized piston and an extra mass of water. We present an equivalent circuit for immersed cMUT. We showed that the circuit predicts the performance of realized array elements very accurately. We demonstrated the use of this circuit in the design of cMUT arrays elements. We showed that the dimensions of cMUT cells can be accurately determined for a specified operational condition.
The equivalent circuit is useful to accurately estimate the performance of small aperture array elements as well. A single cell per array element design is compared with multi cell element of same size and same resonance frequency. We showed that increasing the number of elements increases the bandwidth at the expense of increased insertion loss.
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